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ON TERMINAL FANO 3-FOLDS WITH A 2-TORUS ACTION,
PART II
MICHELE NICOLUSSI
Abstract. We continue the classification of terminal Fano threefolds with an
effective two-torus action. In earlier work we settled the Q-factorial case with
Picard number one. Here we treat the larger class of varieties that do not admit
any contraction of a prime divisor; these are called combinatorially minimal.
1. Introduction
This article contributes to the classification of Fano varieties, meaning normal
projective varieties with an ample anticanonical divisor. We work over an alge-
braically closed field K of characteristic zero.
From the point of view of the Minimal Model Program, the most important sub-
class of Fano varieties are those having terminal Q-factorial singularities. In dimen-
sion two, these are just the smooth del Pezzo surfaces. In dimension three, we know
the list of smooth Fano threefolds due to Iskovskikh [13, 14] and Mori/Mukai [19]
but the singular case is still wide open. Retricting to toric geometry, Kasprzyk [16]
classified all terminal toric Fano threefolds by means of lattice polytopes, following
an idea of Borisov and Borisov [6]. Their combinatorial approach can be outlined
in geometrical terms as follows:
(i) find all terminal Q-factorial toric Fano threefolds with Picard number one;
(ii) determine the maximal possible rank for the divisor class group of terminal
toric Fano threefolds that do not admit any contraction of a prime divisor;
(iii) find all such varieties;
(iv) “grow” the varieties found in (i) and (iii) to obtain all terminal toric Fano
threefolds.
This paper contributes to the generalization of this approach to varieties X of
complexity one, i.e. coming with an effective action of a torus T such that dim(T ) =
dim(X)− 1 holds. The foundation was laid in a joint work by the author together
with Bechtold, Hausen and Huggenberger: in [5], a polyhedral complex called the
anticanonical complex is associated to any rational Fano variety X of complexity
one. Properties of the singularities (such as terminality) are characterized by the
lattice points inside of the anticanonical complex. In the same article, item (i) of
the approach was generalized: the anticanonical complex was used to obtain the
full list of terminal Q-factorial Fano threefolds X of complexity one with Picard
number ρ(X) = 1.
The first main result of this paper is a generalization of item (ii) for varieties of
complexity one. We denote with δ(X) the rank of the divisor class group Cl(X) of
a variety X . One always has ρ(X) ≤ δ(X), since the Picard group is a subgroup
of Cl(X). We call a variety combinatorially minimal if it does not admit any
contraction of a prime divisor.
Theorem 1.1. Let X be a non-toric rational combinatorially minimal terminal
Fano threefold with an effective two-torus action. Then ρ(X) ≤ δ(X) ≤ 3 holds.
This Theorem allows a methodical approach to the classification of combinatori-
ally minimal terminal Fano threefolds of complexity one, i.e. the analog of item (iii).
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Our second result is the classification of these varieties in the Q-factorial case by
means of their Cox rings; see [2, Sec. 1.4] for a precise formulation of Cox rings.
Theorem 1.2. Let X be a non-toric rational combinatorially minimal terminal
Q-factorial Fano threefold with an effective two-torus action and divisor class group
of rank bigger than one. Then the Cox ring R(X) of X appears in the list below.
The Cl(X)-degrees of the generators T1, . . . , Tr are denoted as columns wi ∈ Cl(X)
of a matrix [w1, . . . , wr].
No. R(X) Cl(X) [w1, . . . , wr]
2.01 K[T1, . . . , T6]/〈T1T2 + T3T4 + T5T6〉 Z2 [ 1 0 1 0 1 00 1 0 1 0 1 ]
2.02 K[T1, . . . , T6]/〈T1T 22 + T3T
2
4 + T5T
2
6 〉 Z
2 [ 1 0 1 0 1 00 1 0 1 0 1 ]
2.03 K[T1, . . . , T6]/〈T1T2 + T3T4 + T5T6〉 Z2 ⊕ Z/3Z
[
1 0 1 0 1 0
0 1 0 1 0 1
2 1 1 2 0 0
]
2.04 K[T1, . . . , T6]/〈T1T 22 + T3T
2
4 + T5T
2
6 〉 Z
2 ⊕ Z/3Z
[
1 0 1 0 1 0
0 1 0 1 0 1
1 1 2 2 0 0
]
2.05 K[T1, . . . , T6]/〈T1T2 + T 23 T4 + T5T6〉 Z
2 [ 2 0 1 0 1 10 1 0 1 0 1 ]
2.06 K[T1, . . . , T6]/〈T1T2 + T3T 24 + T
2
5 T
2
6 〉 Z
2 [ 1 1 2 0 1 01 1 0 1 0 1 ]
2.07 K[T1, . . . , T6]/〈T1T2T3 + T4T5 + T 26 〉 Z
2 [ 1 1 0 2 0 10 0 2 1 1 1 ]
2.08 K[T1, . . . , T6]/〈T1T2T3 + T4T 25 + T
2
6 〉 Z
2 [ 1 1 0 2 0 11 0 1 0 1 1 ]
2.09 K[T1, . . . , T6]/〈T1T2T 23 + T4T5 + T
2
6 〉 Z
2 [ 1 1 0 2 0 10 0 1 1 1 1 ]
2.10 K[T1, . . . , T6]/〈T1T2T 23 + T4T
2
5 + T
2
6 〉 Z
2 [ 1 1 0 2 0 10 0 1 0 1 1 ]
2.11 K[T1, . . . , T6]/〈T1T2 + T 23 T4 + T
2
5 〉 Z
2 [ 2 0 1 0 1 11 1 0 2 1 0 ]
2.12 K[T1, . . . , T6]/〈T1T2T3 + T 24 + T
2
5 〉 Z
2 ⊕ Z/2Z
[
1 1 0 1 1 0
0 0 2 1 1 1
0 1 1 1 0 0
]
Any two of the Cox rings listed in the table correspond to non-isomorphic varieties.
Only No. 2.01 and No. 2.02 are smooth.
In Section 2 we recall the description of Fano varieties of complexity one via
certain defining matrices. Moreover we review definition and basic properties of the
anticanonical complex. In Section 3 we focus on combinatorially minimal varieties
and derive useful properties on their defining data. Section 4 is devoted to the proof
of Theorem 1.1. In Section 5 we prove Theorem 1.2. In Section 6 we discuss the
generalization of item (iv) of the approach, setting the basis for a future complete
classification of terminal Fano threefolds of complexity one. The author would like
to thank Ju¨rgen Hausen for the constant help and numerous fruitful discussions.
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2. T -varieties with a torus action of complexity one
For convenience, we gather here notation and basic facts on rational projective
varieties X that come with an effective torus action of complexity one; the original
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references are [10, 8, 5]. The Cox rings R(X) of these varieties are obtained in the
following way.
Construction 2.1. Fix r ∈ Z≥1 and a sequence n = (n0, . . . , nr) ∈ Z
r+1
≥1 , set
n := n0 + . . .+ nr, and fix integers m ∈ Z≥0 and 0 < s < n+m− r. A pair (A,P )
of defining matrices consists of
• a matrix A := [a0, . . . , ar] of size 2 × (r + 1) with pairwise linearly inde-
pendent column vectors from K2,
• an integral block matrix P of size (r + s) × (n +m), whose columns are
pairwise different primitive vectors generating Qr+s as a cone.
P =
[
L 0
d d′
]
,
where d is an (s×n)-matrix, d′ an (s×m)-matrix and L is an (r×n)-matrix
built from tuples li := (li1, . . . , lini) ∈ Z
ni
≥1 as follows
L =


−l0 l1 . . . 0
...
...
. . .
...
−l0 0 . . . lr

 .
We denote with vij and vk the columns of the matrix P , where 0 ≤ i ≤ r, 1 ≤ j ≤ ni
and 1 ≤ k ≤ m. Over the same indices define the variables Tij and Sk and consider
the polynomial ring K[Tij, Sk]. For every 0 ≤ i ≤ r, define a monomial
T lii := T
li1
i1 · · ·T
lini
ini
.
Denote by I the set of all triples I = (i1, i2, i3) with 0 ≤ i1 < i2 < i3 ≤ r and define
for any I ∈ I a trinomial
gI := gi1,i2,i3 := det
[
T
li1
i1
T
li2
i2
T
li3
i3
ai1 ai2 ai3
]
.
Let P ∗ denote the transpose of P , consider the factor group K := Zn+m/im(P∗)
and the projection Q : Zn+m → K. We define a K-grading on K[Tij , Sk] via
deg(Tij) := Q(eij), deg(Sk) := Q(ek).
Then the trinomials gI are K-homogeneous, all of the same degree µ ∈ K. In
particular, we obtain a K-graded factor ring
R(A,P ) := K[Tij, Sk; 0 ≤ i ≤ r, 1 ≤ j ≤ ni, 1 ≤ k ≤ m]/ 〈gI ; I ∈ I〉.
Remark 2.2. The ring R(A,P ) of Construction 2.1 is a complete intersection:
with gi := gi,i+1,i+2 we have
〈gI ; I ∈ I〉 = 〈g0, . . . , gr−2〉, dim(R(A,P )) = n+m− (r − 1).
We can always assume that P is irredundant in the sense that li1 + . . . + lini ≥ 2
holds for all i = 0, . . . , r. A redundant matrix P allows the elimination of variables
in R(A,P ).
Remark 2.3. The following elementary column and row operations on the defining
matrix P are called admissible operations. They do not change the isomorphy type
of the K-graded ring R(A,P );
(i) swap two columns inside a block vij1 , . . . , vijni ,
(ii) swap two whole column blocks vij1 , . . . , vijni and vi′j1 , . . . , vi′jni′
,
(iii) add multiples of the upper r rows to one of the last s rows,
(iv) any elementary row operation among the last s rows,
(v) swap two columns inside the d′ block.
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Remark 2.4. The anticanonical class of the K-graded ring R(A,P ) is
κ(A,P ) :=
∑
i,j
Q(eij) +
∑
k
Q(ek) − (r − 1)µ ∈ K
and the moving cone of R(A,P ) is
Mov(A,P ) :=
⋂
i,j
cone(Q(euv, et; (u, v) 6= (i, j)) ∩
⋂
k
cone(Q(euv, et; t 6= k) ⊆ KQ.
The K-graded ring R(A,P ) is the Cox ring of a Fano variety if and only if κ(A,P )
lies in the relative interior of Mov(A,P ). This Fano variety can be constructed from
R(A,P ) as follows.
Construction 2.5. Consider the K-graded ring R(A,P ) of Construction 2.1 and
assume that κ(A,P ) lies in the relative interior of Mov(A,P ). Then the K-grading
on K[Tij , Sk] defines an action of the quasitorus H := Spec K[K] on Z := K
n+m
leaving X := V (gI ; I ∈ I) ⊆ Z invariant. Consider
Ẑc := {z ∈ Z; f(z) 6= 0 for some f ∈ K[Tij , Sk]νκ(A,P ), ν ∈ Z>0} ⊆ Z,
the set ofH-semistable points with respect to the weight κ(A,P ). Then X̂ := X∩Ẑc
is an open H-invariant set in X and we have a commutative diagram
X̂ //
/Hπ

Ẑc
/Hπ

X(A,P ) // Zc
where X(A,P ) is a Fano variety with torus action of complexity one, Zc := Ẑc//H
is a complete toric variety, the downward maps π are characteristic spaces and the
lower horizontal arrow is a closed embedding.
Moreover we define Z as the minimal toric subvariety of Zc containing X as a
closed subvariety. The fan Σ of Z lives in Qr+s. The primitive generators of the
rays of Σ are precisely the columns of the matrix P .
We have
dim(X(A,P )) = s+ 1, Cl(X(A,P )) ∼= K,
−KX = κ(A,P ), R(X) ∼= R(A,P ).
By the results of [10, 8], every normal rational Fano variety with an effective torus
action of complexity one arises from this Construction.
Next, we present the anticanonical complex of a rational Fano variety X with
torus action of complexity one. This construction was first introduced in [5] in a
much more general setting, i.e. that of any normal Fano variety with a complete
intersection Cox ring.
Construction 2.6. Consider the K-graded ring R(A,P ) of Construction 2.1 and
the corresponding Fano varietyX = X(A,P ) from Construction 2.5. Let γ ⊆ Qn+m
be the positive orthant, spanned by the canonical basis vectors eij , ek ∈ Zn+m.
Denote with B(gi) the Newton polytopes of the relations gi and let B := B(g0) +
. . .+B(gr−2) be their Minkowski sum.
The anticanonical polyhedron of X is the dual polyhedron AX ⊆ Qr+s of the
polytope
BX := (P
∗)−1((Q−1(−KX) ∩ γ) +B − (1, . . . , 1)) ⊆ Q
r+s.
The anticanonical complex of X is the coarsest common refinement of polyhedral
complexes
AcX := faces(AX) ⊓ Σ ⊓ trop(X).
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The relative interior of AcX is the interior of its support with respect to the tropical
variety trop(X).
Theorem 2.7 ([5, Thm. 1.4]). Let X = X(A,P ) be Fano.
(i) AcX contains the origin in its relative interior and all primitive generators
of the fan Σ are vertices of AcX .
(ii) X has at most log terminal singularities if and only if the anticanonical
complex AcX is bounded.
(iii) X has at most terminal singularities if and only if 0 and the primitive
generators v̺ for ̺ ∈ Σ(1) are the only lattice points of AcX .
Now we turn to the machinery developed in [4, 7, 2]. Let us briefly summarize
the necessary notions and statements in a series of remarks adapted to our needs.
Remark 2.8. Fix defining matrices (A,P ) and let γ ⊆ Qn+m be the positive
orthant, spanned by the canonical basis vectors eij , ek ∈ Zn+m. Every face γ0  γ
defines a toric orbit in Z = Kn+m:
Z(γ0) := {z ∈ Z; zij 6= 0⇔ eij ∈ γ0 and zk 6= 0⇔ ek ∈ γ0} ⊆ Z
We say that γ0  γ is an F-face for (A,P ) if the associated toric orbit meets the
total coordinate space X = V (gI ; I ∈ I) ⊆ Z, that means if we have
X(γ0) := X ∩ Z(γ0) 6= ∅.
In particular, X is the disjoint union of the locally closed pieces X(γ0) associated
to the F-faces.
Remark 2.9. For the toric variety Zc and X = X(A,P ) of Construction 2.5, we
define the collections of relevant faces and the covering collection:
rlv(Zc) := {γ0  γ; u ∈ Q(γ0)
◦},
rlv(X) := {γ0 ∈ rlv(Zc); γ0 is an F-face},
cov(X) := {γ0 ∈ rlv(X); γ0 minimal}.
Let γ∗0 := γ
⊥
0 ∩ γ  γ denote the complementary face of γ0  γ. Then there is a
bijection between rlv(Zc) and the fan Σc of the toric variety Zc:
rlv(Zc) → Σc, γ0 7→ P (γ
∗
0 ).
The toric orbits of Zc correspond to the cones of the fan Σc and thus to the cones
of rlv(Zc). Concretely, the toric orbit of Zc associated with γ0 ∈ rlv(Zc) is
Zc(γ0) := π(Z(γ0)).
The relevant faces rlv(X) of X define exactly the toric orbits of Zc that intersect
X ⊆ Zc non-trivially and thus give a locally closed decomposition
X =
⋃
γ0∈rlv(X)
X(γ0), X(γ0) := X ∩ Zc(γ0) = π((X(γ0)).
The fan Σ, defining the minimal toric open subset Z ⊆ Zc that contains X , is
generated by the cones σ = P (γ∗0 ), where γ0 ∈ rlv(X).
Remark 2.10. Let X = X(A,P ) arise from Construction 2.5. Then the cones of
effective, movable, semiample and ample divisor classes are given as
Eff(X) = Q(γ), Mov(X) = Mov(A,P ) =
⋂
γ0 facet of γ
Q(γ0),
SAmple(X) =
⋂
γ0∈rlv(X)
Q(γ0), Ample(X) =
⋂
γ0∈rlv(X)
Q(γ0)
◦.
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In particular, the GIT-fan of the H-action on X induces the Mori chamber de-
composition, meaning that it subdivides Mov(X) into the nef cones of the small
birational relatives of X .
Remark 2.11. Let X = X(A,P ) arise from Construction 2.5. For any γ0 ∈ rlv(X)
and x ∈ X(γ0), the following statements hold:
(i) x is Q-factorial if and only if Q(γ0) is full-dimensional,
(ii) x is factorial if and only if Q maps lin(γ0) ∩ Zn+m onto Cl(X),
(iii) x is smooth if and only if x is factorial and all z ∈ π−1(x) are smooth in X.
As shown in [20, Corollary 1.5.16], we can compute the dimension of a stratum
X(γ0) in the following way:
Proposition 2.12. Let X = X(A,P ) be Q-factorial. Then for any γ0 ∈ rlv(X) we
have
dimX(γ0) = max{k ∈ Z≥0; ∃ chain γk ≺ . . . ≺ γ0 in rlv(X)}.
In the following we give an explicit description of the vertices of the anticanonical
complex of a Fano variety of complexity one. The original source for the Q-factorial
case is [5, Section 4], whereas in [1, Section 3] Arzhantsev, Braun, Hausen and
Wrobel generalized the description to the non-Q-factorial case.
Construction 2.13. In the situation of Construction 2.5, define the linear space
λ := {0}×Qs ⊆ Qr+s, the canonical basis vectors e1, . . . , er and e0 := −e1−. . .−er.
Then the tropical variety of X is given by
trop(X) = λ0 ∪ . . . ∪ λr ⊆ Q
r+s, where λi := cone(ei) + λ.
A cone τ ∈ Σ is called
• big, if τ ∩ relint(λi) 6= ∅ holds for each i = 0, . . . , r;
• elementary big if it is big, has no rays inside λ and precisely one inside
each λi;
• a leaf cone if τ ⊆ λi holds for some i.
Moreover we call P -elementary cone any cone σ of the form
σ = cone(v0j0 , . . . , vrjr ) ⊂ Q
r+s,
which means that σ is defined by precisely one vij for every i = 0, . . . , r. Note
that a P -elementary cone does not need to be a cone of Σ. In the Q-factorial case,
elementary cones and P -elemntary cones coincide but this is not true in the general
case.
Let σ ∈ Σ be a P -elementary cone. We assign the following positive integers to
the rays ̺ = cone(vij) ∈ σ(1) of σ and to σ itself:
l̺ := lij , ℓσ,̺ := l
−1
̺
∏
̺′∈σ(1)
l̺′ , ℓσ :=
∑
̺∈σ(1)
ℓσ,̺ − (r − 1)
∏
̺∈σ(1)
l̺.
Moreover, in Qr+s, we define vectors:
vσ :=
∑
̺∈σ(1)
ℓσ,̺v̺, v
′
σ := ℓ
−1
σ vσ.
Let AcX be the anticanonical complex of X = X(A,P ). The lineality part of A
c
X
is the polyhedral complex AcX,0 := A
c
X ⊓ λ. The i-th leaf of A
c
X is the polyhedral
complex AcX ⊓ λi. According to [1, Proposition 3.8], if X is log terminal and Q-
factorial, then we have
|AcX ⊓ λ| = conv(v̺, v
′
σ; ̺ ∈ Σ with ̺ ⊆ λ, σ is P -elementary),
|AcX ⊓ λi| = conv(v̺, v
′
σ; ̺ ∈ Σ with ̺ ⊆ λi, σ is P -elementary).
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Remark 2.14 ([1, Theorem 3.13]). Let X = X(A,P ) be a Fano variety and con-
sider a P -elementary cone σ = ̺0 + . . .+ ̺r ∈ Σ defining a log terminal singularity.
Assume l̺0 ≥ . . . ≥ l̺r . Then l̺3 = . . . = l̺r = 1 holds and (l̺0 , l̺1 , l̺2) is a
platonic triple, i.e. one of
(l̺0 , l̺1 , 1), (l̺0 , 2, 2), (3, 3, 2), (4, 3, 2), (5, 3, 2).
Proposition 2.15. Let X = X(A,P ) be a Fano variety and consider a P -elementary
cone σ = ̺0 + . . . + ̺r ∈ Σ defining a terminal singularity. Then at most two l̺i
differ from one.
Proof. Assume l̺0 ≥ . . . ≥ l̺r . By Remark 2.14 the triple (l̺0 , l̺1 , l̺2) is platonic
and l̺3 = . . . = l̺r = 1 holds. The denominator ℓσ of the entries of v
′
σ is determined
by the platonic triple. In particular for
(3, 3, 2), (4, 3, 2), (5, 3, 2)
we obtain ℓσ = 3, 2, 1 respectively. Moreover, the numerator is a sum in which
every addend is a multiple of all l̺i except one. Hence the vertex v
′
σ turns out to
be a lattice point, contradicting terminality by Theorem 2.7. The same happens for
(l̺0 , 2, 2) if l̺0 is even, so assume that l̺0 ≥ 3 is odd. We show that this case has
an integral point on AcX and therefore does not define a terminal singularity. The
primitive lattice points v̺i have coordinates
v̺0 = (−l̺0 , . . . ,−l̺0 , d01, . . . , d0s)
T , v̺i = (0, . . . , 0, l̺i , 0, . . . , 0, di1, . . . , dis)
T
for all i = 1, . . . , r, where l̺i occupies the i-th entry of v̺i . Let u := v
′
σ be the
vertex of AcX,0 defined by σ. It has coordinates uj = 0 for j = 1, . . . , r and
ur+t = d0t +
l̺0
2
d1t +
l̺0
2
d2t + l̺0
r∑
k=3
dkt ∀ t = 1, . . . , s .
Using the fact that l̺0 is odd, we see that on the edge connecting v̺0 with u lies at
least one lattice point, namely
l̺0 − 1
l̺0
u+
1
l̺0
v̺0 = (−1, . . . ,−1, q1, . . . , qs)
T , with
qt = d0t +
l̺0 − 1
2
d1t +
l̺0 − 1
2
d2t + (l̺0 − 1)
r∑
k=3
dkt ∀ t = 1, . . . , s .
Hence the platonic triple (l̺0 , l̺1 , l̺2) is of the first type, i.e. l̺2 = 1. 
lastly we study the effect of terminality on the strata of threefolds, more precisely
on the corresponding subsets of weights.
Remark 2.16. According to Remark 2.11 (ii), the stratum X(γ0) ⊂ X consists of
factorial points of X = X(A,P ) if and only if Q(lin(γ0) ∩ Zn+m) = Cl(X) holds.
In dimension three, terminal singularities occur as isolated points, see e.g. [18,
Cor. 4.6.6]. According to Proposition 2.12, every γ0 ∈ rlv(X) \ cov(X) defines a
stratum X(γ0) of positive dimension. This has to be smooth, in particular factorial.
Therefore its weights generate Cl(X) as an abelian group.
3. Combinatorial minimality
In this Section, we derive bounds on the Picard number of combinatorially min-
imal, Q-factorial, log terminal Fano varieties with torus action of complexity one.
We begin by recalling the necessary notions and facts from [11, 7].
A small quasimodification is a birational map X 99K X ′ of complete varieties
that restricts to a regular isomorphism U → U ′ between open subsets U ⊆ X and
U ′ ⊆ X ′ having complements of codimension at least two in X and X ′ respectively.
We say that X is combinatorially minimal if it has no contractible prime divisors
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in the sense that any birational map X 99K X ′ which is defined in codimension two
is a small quasimodification.
Remark 3.1. A projective variety X with finitely generated Cox ring is combi-
natorially minimal if and only if its cone of movable divisor classes coincides with
its cone of effective divisor classes. In particular for a variety X = X(A,P ) of
complexity one, this precisely means that every extremal ray of the effective cone
Eff(X) ⊆ ClQ(X) hosts the degrees of at least two of the generators Tij , Sk of the
Cox ring R(X) = R(A,P ), see [7].
First we give a characterization for the defining matrix P of a combinatorially
minimal variety X = X(A,P ). Consider two mutually dual exact sequences of finite
dimensional rational vector spaces
0
0
LQ
KQ
FQ
EQ
NQ
MQ
0
0
Q
Denote by (f1, . . . , fr) a basis for FQ and by (e1, . . . , er) its dual basis for EQ.
Moreover define δ := cone(f1, . . . , fr) and γ := cone(e1, . . . , er). We call an element
e ∈ EQ an LQ-invariant separating linear form for δ1, δ2  δ if
e|LQ = 0, e|δ1 = 0, e|δ2 = 0, δ1 ∩ e
⊥ = δ2 ∩ e
⊥ = δ1 ∩ δ2.
Lemma 3.2 (Invariant Separation Lemma [2, 2.2.3.2]). Consider δ1, δ2  δ and
their corresponding faces γi := δ
⊥
i ∩ γ  γ. Then the following statements are
equivalent:
• there exists an LQ-invariant separating linear form for δ1, δ2;
• Q(γ1)
◦ ∩Q(γ2)
◦ 6= ∅.
Define the weights wij := deg(Tij) and wk := deg(Sk). We call a variable Tij , Sk
extremal if its weight wij , wk ∈ ClQ(X) sits on an extremal ray of the effective
cone Eff(X) ⊆ ClQ(X). Moreover, we call a weight w ∈ {wij , wk} exceptional , if
Q≥0w is an extremal ray of Eff(X) and no other weight lies on Q≥0w. All variables
with exceptional weights are extremal, but the converse does not hold. As a matter
of fact, by Remark 3.1, X is combinatorially minimal if and only if no weight is
exceptional.
Only in this Section, we rename the weights w1, . . . , wn+m and let v1, . . . , vn+m
be the corresponding columns of P .
Lemma 3.3. The weight w ∈ {wij , wk} is exceptional if and only if Qr+s is already
generated as a cone by all columns of P except the one that corresponds to w.
Proof. An exceptional weightwi is characterized by the fact that cone(wj ; j 6= i) and
cone(wi) allow a separating linear form. By the Invariant Separation Lemma 3.2,
this is equivalent to the fact that the corresponding Gale dual cones intersect in
their relative interiors, i.e.
cone(vj ; j 6= i)
◦ ∩ cone(vi)
◦ 6= ∅.
This is the case if and only if vi ∈ cone(vj ; j 6= i)◦ holds. Since the cone over all
columns is Qr+s, the last condition is equivalent to cone(vj ; j 6= i) = Qr+s. 
Proposition 3.4. The variety X = X(A,P ) is combinatorially minimal if and
only if for every column v̺ of P the following holds:
cone(v̺′ ; ̺
′ ∈ Σ(1) \ {̺}) 6= Qr+s.
Proof. The assertion follows directly from Lemma 3.3. 
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Given a matrix P and an index-set I ⊂ Z≥1, we denote with PI the matrix
obtained from P by deleting the i-th column, for all i ∈ I.
Corollary 3.5. Consider the variety X = X(A,P ) with rank of Cl(X) being
δ(X) ≥ 2. Assume that cone(wi) = cone(wj) holds for two weights wi, wj, with
i 6= j. Then det(PI) = 0 holds for every I ⊂ {1, . . . , n +m} such that i, j ∈ I and
|I| = δ(X).
Proof. By construction we have n+m = r + s+ δ(X). Define
τi :=cone(v1, . . . , v̂i, . . . , vn+m),
τj :=cone(v1, . . . , v̂j , . . . , vn+m).
According to Lemma 3.3 neither of them equals Qr+s. Moreover, by the Invariant
Separation Lemma, there is a linear form separating them, i.e. τi ∩ τj is a proper
face of both cones. This means that τi ∩ τj = cone(v1, . . . , v̂i, . . . , v̂j , . . . , vn+m) is
not full-dimensional. In particular any collection of r + s columns of P that does
not contain vi nor vj is linearly dependent. 
In the sequel, let α denote the difference between the number of extremal rays
of the effective cone Eff(X) and the rank δ(X) of the divisor class group Cl(X).
Broadly speaking, α measures how far Eff(X) is from being simplicial.
Lemma 3.6. Let X = X(A,P ) be combinatorially minimal. Then one of the
following holds:
• dim(X) ≥ δ(X) and m ≥ 2δ(X)− 2;
• dim(X) ≥ α+ 2+m/2 and m < 2δ(X)− 2.
Proof. The effective cone Eff(X) ⊆ ClQ(X) is of full dimension and has δ(X) + α
vertices. Since X is combinatorially minimal, the number n +m of variables Tij ,
Sk is bounded from below by n +m ≥ 2δ(X) + 2α. If the number m of variables
Sk satisfies m ≥ 2δ(X)− 2, then the assertion follows from
dim(X) = n+m+ 2− (r + 1)− δ(X) ≥ m+ 2− δ(X) ≥ δ(X).
So, consider the case m < 2δ(X) − 2. There are at least two extremal variables
of type Tij having their weights on different rays and we have in total at least
2δ(X)+ 2α−m extremal variables of type Tij . For each of these Tij , we must have
ni ≥ 2. This gives
n− (r + 1) = (n0 − 1) + . . .+ (nr − 1) ≥
2δ(X) + 2α−m
2
.
The assertion then follows from
dim(X) = n+m+ 2− (r + 1)− δ(X)
≥
2δ(X) + 2α−m
2
+m+ 2− δ(X)
= α+
m
2
+ 2.

For X = X(A,P ), we denote by η the number of extremal variables of type Tij
and by ζ = n− η the number of non-extremal variables of type Tij .
Lemma 3.7. Let X = X(A,P ) be combinatorially minimal. Then we have
δ(X) ≤ dim(X) + r − 1− ζ − 2α.
Proof. Just observe that dim(X) + δ(X) + r − 1 = η + ζ +m ≥ 2δ(X) + 2α + ζ
holds. 
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The above estimate is useful for large ζ, for example ζ ≥ r − 2. For small ζ,
we need statements concerning the cases α = 0 and α = 1. Observe that the
following three Lemmas, including the estimate for the case α = 0, do not require
combinatorial minimality.
Lemma 3.8. Let X = X(A,P ) be log terminal and Fano. Then m < dim(X)
implies the existence of a big cone in Σ.
Proof. The lineality part AcX,0 has precisely m+ b vertices, where b is the number
of P -elementary cones. Moreover it is full-dimensional in the lineality space λ of
trop(X), meaning that it has dimension s. This is only possible with at least s+ 1
vertices, hence the assertion follows. 
Lemma 3.9. Let X = X(A,P ) be Q-factorial, log terminal and Fano. If m <
dim(X) holds, then we have
n+m
2
≤ dim(X) + δ(X).
Proof. Lemma 3.8 ensures the existence of an elementary big cone. Therefore we
can apply [5, Corollary 4.8] and obtain that r − 1, the number of relations, equals
at most dim(X) + δ(X). The assertion follows from
n+m = dim(X) + δ(X) + r − 1 ≤ 2(dim(X) + δ(X)).

Lemma 3.10. For any X = X(A,P ), the degree µ of the relations gI of R(A,P )
lies in the effective cone Eff(X) ⊆ Cl(X)Q. Moreover µ lies in its interior if and
only if 0 /∈ cone(vk1 , . . . , vkt)
◦ holds for any collection 1 ≤ k1 < . . . < kt ≤ m.
Proof. The first assertion is trivial. The degree µ lies on a facet τ of Eff(X) if and
only if all weights wij lie on τ as well. By the Invariant Separation Lemma, this is
precisely the case, when there exist vk1 , . . . , vkt such that 0 ∈ cone(vk1 , . . . , vkt)
◦.

Lemma 3.11. Let X = X(A,P ) be a log terminal Fano variety, such that µ ∈
Eff(X)◦ holds. If α = 0, ζ ≤ r − 2 and m < dim(X) hold, then we have
δ(X) ≤
2
r − 1− ζ
dim(X)−
m+ ζ
r − 1− ζ
.
Proof. In the relations of R(A,P ), consider the monomials T lii consisting only of
extremal variables Tij . Since µ ∈ Eff(X)◦ and α = 0 hold, each such monomial
comprises at least δ(X) variables. There are at least r+1− ζ such monomials. We
obtain
n = η + ζ ≥ (r − 1− ζ)δ(X) + 2δ(X) + ζ.
Since X is log terminal with m < dim(X), we can apply Lemma 3.9 and see that
2 dim(X) + 2δ(X) is bigger or equal to n+m. Combining the two estimates gives
the assertion. 
For the case α = 1, we use geometrical properties of d-dimensional polyhedral
cones with d+ 1 extremal rays. Here we gather and prove the relevant facts.
Lemma 3.12. Let d ≥ 3 and σ ⊆ Qd be a pointed convex polyhedral d-dimensional
cone with d + 1 extremal rays. Let v1, . . . , vd+1 ∈ Qd be primitive generators of
the extremal rays of σ and w1, . . . , wd+1 ∈ Q the Gale dual configuration. Set
D := {1, . . . , d+ 1} and
D− := {i ∈ D; wi < 0}, D0 := {i ∈ D; wi = 0}, D+ := {i ∈ D; wi > 0}.
Moreover, for any subset I ⊆ D, denote by Ic ⊆ D its complement and define cones
σI := cone(vi; i ∈ I) ⊆ Qd and τI := cone(wi; i ∈ Ic) ⊆ Q. Then the following
statements hold:
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(i) σI is a proper face of σ if and only if τI = {0} or τI = Q holds.
(ii) There are at least two i with wi > 0 and at least two j with wj < 0.
(iii) We have σ◦I ⊆ σ
◦ if and only if D− ∪D0 ⊆ I or D+ ∪D0 ⊆ I holds.
(iv) We have σ◦I ∩ σ
◦
J 6= ∅ if and only if D− ⊆ I, D+ ⊆ J , I ∩D0 = J ∩D0 or
D+ ⊆ I, D− ⊆ J , I ∩D0 = J ∩D0 holds.
In particular, σ− := cone(vi; i ∈ D− ∪ D0) and σ+ := cone(vi; i ∈ D+ ∪ D0)
form the unique pair of minimal cones satisfying σ◦± ⊆ σ
◦, cone(σ−, σ+) = σ and
σ◦− ∩ σ
◦
+ 6= ∅.
Proof. Let P : Qd+1 → Qd be the linear map sending ei to vi and Q : Q
d+1 → Q
the one sending ei to wi. For I consider δI := cone(ei; i ∈ I) ⊆ Qd+1 and
γI := cone(ei; i ∈ Ic) ⊆ Qd+1. The Invariant Separation Lemma 3.2 yields for any
two I, J ⊆ {1, . . . , d+ 1} the following statements:
• There is a ker(P )-invariant separating linear form for δI and δJ if and only
if τ◦I ∩ τ
◦
J 6= ∅ holds,
• We have σ◦I ∩ σ
◦
J 6= ∅ if and only if there is a ker(Q)-invariant separating
linear form for γI and γJ .
Observe that σI , σJ intersect in a common face if and only if δI , δJ admit a ker(P )-
invariant separating linear form.
Now, assertion (i) is an immediate consequence of the first of the above two
items. Since {0} is a face of σ, we see that there must be positive and negative wi.
Assertion (ii) reflects the fact that every ray σ{i} is a face of σ. Assertion (iii) is a
special case of (iv) which in turn is obtained by adapting the second of the above
items to the setting of the Lemma. 
We are ready to estimate δ(X) for the case α = 1 and small ζ. Again, this
statement does not assume combinatorial minimality.
Lemma 3.13. Let X = X(A,P ) be a log terminal Fano variety, such that µ ∈
Eff(X)◦ holds. Assume α = 1 and ζ ≤ r − 2. Then we have
δ(X) ≤ dim(X) + 3 + ζ − r −m ≤ dim(X) + 1−m.
Proof. Let ω−, ω+ ⊆ Eff(X) be the minimal pair of subcones as in Lemma 3.12 and
denote by a−, a+ their respective numbers of extremal rays. Then we have
a− ≥ 2, a+ ≥ 2, a− + a+ ≥ δ(X) + 1.
Consider a monomial T lii with only extremal variables Tij and let ωi be the cone
generated by the deg(Tij). We say that T
li
i is of type (−) if ω− ⊆ ωi holds and of
type (+) otherwise. Lemma 3.12, with µ ∈ Eff(X)◦, shows that any T lii of type
(+) satisfies ω+ ⊆ ωi. Let b− and b+ denote the respective numbers of monomials
of these types that occur in the (r − 1) relations. Then we have
b− + b+ ≥ r + 1− ζ, η ≥ b−a− + b+a+.
For the first estimate, we use that there are at least r + 1− ζ monomials involving
only extremal variables. For the second one, note that every monomial of type (±)
has at least a± distinct variables. We conclude
dim(X) + δ(X) + r − 1 = η + ζ +m
≥ b−a− + b+a+ + ζ +m
≥ 2(δ(X) + 1) + (b− − 2)a− + (b+ − 2)a+ + ζ +m
≥ 2(δ(X) + 1) + 2(r + 1− ζ − 4) + ζ +m.

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4. Combinatorially minimal 3-folds
In this Section, we take a closer look at combinatorially minimal Fano threefolds
with a two-torus action. The case with a divisor class group of rank one was
settled in [5]. Here the first goal is to find a bound on that rank and then establish
an analogue of [5, Lemma 5.2], using among other things the estimates from the
previous section. We start by allowing log terminal singularities.
Proposition 4.1 (a.k.a. Theorem 1.1). Let X = X(A,P ) be a 3-dimensional, log
terminal, combinatorially minimal Fano variety. Then δ(X) ≤ 3 holds.
Proof. Lemma 3.6 tells us that besides δ(X) ≤ 3, we have to consider the following
two cases:
α = 0 and m ≤ 2, α = 1 and m = 0.
Firstly assume that µ ∈ Eff(X)◦ holds. If α = 0 holds, then Lemma 3.7 with
ζ ≥ r − 2 gives δ(X) ≤ 4 and Lemma 3.11 with ζ ≤ r − 3 gives δ(X) ≤ 3. If α = 1
holds, Lemma 3.7 with ζ ≥ r − 2 gives δ(X) ≤ 2 and Lemma 3.13 with ζ ≤ r − 3
gives δ(X) ≤ 3. So we have to exclude δ(X) = 4, which only appears in the case
α = 0 with ζ ≥ r − 2. Lemma 3.7 yields in this case ζ ≤ r − 2, thus we have
ζ = r − 2. In particular we have a relation involving only extremal variables, say
the one with the monomials T l00 , T
l1
1 , T
l2
2 . Together with µ ∈ Eff(X)
◦ and α = 0
this implies n0, n1, n2 ≥ 4. On the other hand, Lemma 3.11 gives us m+ ζ ≤ 2 and
thus r ≤ 4. This shows n+m = 7 + r − 1 ≤ 10, a contradiction to n ≥ 12.
Now assume that the degree µ lies on a facet of the effective cone. According to
Lemma 3.10 we have m ≥ 2, therefore α = 0 and m = 2. In particular the weights
wij generate a (δ(X) − 1)-dimensional facet θ of Eff(X). For r ≤ ζ, Lemma 3.7
yields δ(X) ≤ 2 so we can assume r ≥ ζ + 1. Since there are at least r + 1 − ζ
monomials having only extremal variables and each of these monomials must have
at least δ(X)− 1 variables we conclude
dim(X) + δ(X) + r − 1 = η + ζ +m ≥ (r + 1− ζ)(δ(X) − 1) + ζ +m
and thus (r − ζ)(δ(X)− 2) ≤ dim(X)−m = 1. It follows δ(X) ≤ 3. 
Next we would like to show that the degree µ lies in the interior of the effective
cone. By allowing X = X(A,P ) to have log terminal singularities, this does not
hold. Consider any log terminal Fano K∗-surface S with δ(S) = 1, then S × P1 is a
Q-factorial log terminal Fano variety of complexity one with Picard number 2, such
that the degree µ lies on an extremal ray of its effective cone. By restricting to the
terminal case we can prove that µ ∈ Eff(X)◦ holds.
Proposition 4.2. Let X = X(A,P ) be a non-toric, 3-dimensional, combinatorially
minimal, terminal Fano variety, where the defining matrix P is irredundant. Then
µ ∈ Eff(X)◦ holds.
Definition 4.3. Consider a convex set C ⊂ {0}×Qd ⊂ Qd+1 and a point x ∈ Qd+1
with first coordinate x1 > 0. The shadow of C from x is
sw(C, x) := {y ∈ Qd+1 ; x ∈ conv(y, C)} ⊆ Qd+1.
Moreover, for any t ∈ Q with t ≥ x1, we define the sliced shadow at height t as
swt(C, x) := {y ∈ sw(C, x) ; y1 = t}.
Lemma 4.4. Consider the triangle C := conv(e2, e3,−e2 − e3) ⊂ Q3. Let x ∈ Z3
be a lattice point with first coordinate x1 ≥ 2. If the only lattice points of conv(C, x)
are its four vertices and the origin, then x1 = 3 holds.
Proof. Note that conv(C, x) always contains its four vertices and the origin. A
further lattice point y lies in it if and only if x ∈ sw(C, y) holds. Therefore we look
for a point x that does not lie in any sw(C, y) for x 6= y ∈ Z3.
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At height t = 2 all integral points are of the form (2, a, b) for some a ∈ {2u, 2u+1}
and b ∈ {2v, 2v + 1}, and they lie in the respective sw2(C, (1, u, v)).
For every t ≥ 4, the union of the shadows swt(C, z), for all z ∈ Z3 with z1 = 1,
contains all integral points at the height t, except for the multiples of q1 := (3, 3u+
1, 3v−1) and q2 := (3, 3u−1, 3v+1). Since 0 ∈ C holds, these points lie in sw(C, q1)
and sw(C, q2), respectively. Thus the assertion follows. 
Recall that a variety is called weakly tropical if the fan of its minimal ambient
toric variety Z is supported on trop(X). This means that there are only leaf cones.
Proof of Proposition 4.2. By Proposition 4.1 we only have to consider δ(X) ≤ 3.
The assertion is clear for δ(X) = 1, since Eff(X) = Q≥0 and µ > 0 hold.
Turn to the case δ(X) = 2. Then we have n+m = r + 4, which implies m ≤ 3.
Suppose that µ /∈ Eff(X)◦ holds. Then Lemma 3.10 yields m ≥ 2 and we have only
two possible constellations:
(a) m = 2, r = 2 and n = (2, 1, 1),
(b) m = 3, r ≥ 2 and n = (1, . . . , 1).
By combinatorial minimality, constellation (a) can only happen if the weights of the
two free variables lie on one of the two extremal rays of Eff(X) and all the weights
wij lie on the other extremal ray. This means that the variety is a product of P1 with
a del Pezzo surface. By [12, Prop. 5.10] there are no non-toric terminal del Pezzo
K∗-surfaces, hence this case is not compatible with the assumptions. Constellation
(b) allows three weight dispositions:
disp 1
w1 w2 w3
wr1
...
w01
disp 2
w02 w11
w3
wr1
...
w01
disp 3
w1 w2
wr1
...
w01
w3
Note that, by almost freeness of the grading, in all three cases one can assume
Eff(X) = Q2≥0. The first two dispositions correspond to products of varieties, hence
we rule them out just like before. Consider disposition 3. By Proposition 2.15
and irredundancy of P , there cannot be elementary big cones, hence X is weakly
tropical. Therefore −KX lies in cone(w01, w3) (possibly on the boundary), the cone
colored in grey in the picture above. Since m = 3, we can assume, with admissible
operations, that the last three columns of P are (0, . . . , 0, 1, 0), (0, . . . , 0, 0, 1) and
(0, . . . , 0,−1,−1). These three points are also the vertices of the lineality part AcX,0.
Consider now the i-th leaf AcX ∩λi of the anticanonical complex, given as the convex
hull of AcX,0 and vi1, since ni = 1. Terminality implies that A
c
X∩λi does not contain
additional integral points. By Lemma 4.4 we follow li1 = 3 for all i = 0, . . . , r. This
yields wi1 = (0, 1) and hence µ = (0, 3). The torsion-free part of the anticanonical
class in KQ is
−KX = (r + 1)
(
0
1
)
+ w1 + w2 + w3 − (r − 1)
(
0
3
)
=
(
w11 + w
1
2 + w
1
3
4− 2r + w23
)
.
Since r ≥ 2, the anticanonical class does not lie in cone(w01, w3), a contradiction.
Lastly consider δ(X) = 3. Assume that µ /∈ Eff(X)◦ holds. Lemma 3.10 yields
m ≥ 2. We also have the relation n+m = r + 5, hence m ≤ 4. Note that m = 3 is
excluded by Lemma 3.6. Therefore we have three constellations:
(a) m = 2, r = 2 and n = (2, 2, 1),
(b) m = 2, r = 3 and n = (2, 2, 1, 1),
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(c) m = 4, r ≥ 2 and n = (1, . . . , 1).
We treat both constellations (a) and (b) at once. By combinatorial minimality the
effective cone Eff(X) is simplicial and the three extremal rays are
cone(w01) = cone(w11), cone(w02) = cone(w12), cone(w1) = cone(w2).
We apply Remark 2.16 to the relevant face γ01,12,1,2 and achieve Eff(X) = Q
3
≥0.
Thus we are looking at a product of P1 with a surface. This is a contradiction, as
already seen before. In the constellation (c) every monomial consists of only one
variable, hence the respective weights all lie on the same extremal ray of Eff(X),
while the weights of the free variables lie on the other two extremal rays, two each.
Since the grading is almost free, we can assume that Eff(X) = Q3≥0 holds, hence X
is product of three curves, again a contradiction to complexity one. 
Lemma 4.5. Let X = X(A,P ) be a non-toric, 3-dimensional, combinatorially
minimal, terminal Fano variety, where the matrix P is irredundant and δ(X) > 1.
Then, after suitable admissible operations, P fits into one of the following cases:
(i) We have δ(X) = 3 and one of the following constellations:
(a) m = 0, r = 2 and n = 7, where n = (3, 3, 1).
(b) m = 0, r = 3 and n = 8, where n = (3, 3, 1, 1).
(c) m = 0, r = 3 and n = 8, where n = (2, 2, 2, 2).
(d) m = 0, r = 4 and n = 9, where n = (2, 2, 2, 2, 1).
(e) m = 0, r = 5 and n = 10, where n = (2, 2, 2, 2, 1, 1).
(ii) We have δ(X) = 2 and one of the following constellations:
(a) m = 0, r = 2 and n = 6, where n = (2, 2, 2).
(b) m = 0, r = 3 and n = 7, where n = (2, 2, 2, 1).
(c) m = 0, r = 4 and n = 8, where n = (2, 2, 2, 1, 1).
(d) m = 0, r = 2 and n = 6, where n = (3, 2, 1).
(e) m = 0, r = 3 and n = 7, where n = (3, 2, 1, 1).
(f) m = 0, r = 2 and n = 6, where n = (4, 1, 1).
(g) m = 1, r = 2 and n = 5, where n = (2, 2, 1).
(h) m = 1, r = 3 and n = 6, where n = (2, 2, 1, 1).
(i) m = 1, r = 2 and n = 5, where n = (3, 1, 1).
(j) m = 2, r = 2 and n = 4, where n = (2, 1, 1).
Proof. Note that we have δ(X) ≤ 3 and µ ∈ Eff(X)◦, by Propositions 4.1 and 4.2
respectively.
For the case δ(X) = 3 we have the relation
(4.1) n+m = r + 5
coming from n + m = r + s + δ(X). Since n ≥ r + 1 always holds, we obtain
m ≤ 4. The case m = 4 does not fit combinatorial minimality in the following
sense: according to (4.1) we would have n = r + 1, meaning that every monomial
consists only of one variable; therefore all their weights must lie in the interior of the
effective cone and consequently the extremal variables are maximal 4, contradicting
the fact there must be at least 2δ(X) extremal variables. Moreover, m = 3 is
excluded by Lemma 3.6. Therefore we have m < dim(X) and there is always a big
cone. This implies r ≤ 7 by [5, Corollary 4.8]. Combining Proposition 2.15 with
the assumption that P is irredundant we see that at most two of the ni equal one.
This leaves us with a finite list of possible configurations. Many of them can be
discharged since they do not fit combinatorial minimality. Take for example m = 0,
r = 2, so that n = 7. If we assume n0 = 5, n1 = n2 = 1, then there are not
enough extremal variables. If we assume n0 = 4, n1 = 2, n2 = 1, there are exactly 6
variables that may be extremal, but in this case we would have α = 0, which implies
that any monomial comprises at least δ(X) variables in order to have combinatorial
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minimality, a contradiction to n1 = 2. The cases listed in the assertion are the ones
that allow combinatorial minimality. The case δ(X) = 2 is analogous. 
5. The Q-factorial classification
The goal of this Section is the classification of Q-factorial combinatorially mini-
mal terminal Fano threefolds X of complexity one. In order to do that we have to
go through the cases of Lemma 4.5 and restrict to Q-factoriality. The latter means
that the Picard number ρ(X) coincides with the rank δ(X) of the divisor class group
Cl(X). Since the complete proof is quiet long, we refer to [20, Section 3.3], where
all cases are treated exhaustively. Here we give a taste of the methods used there
by considering the richest case.
Case (a) of Lemma 4.5 (ii).
We have r = 2, m = 0, n = 6 and n = (2, 2, 2). Combinatorial minimality
prescribes at least two weights on each of the two extremal rays of Eff(X). All
six weights may be placed on these rays, therefore we end up with five possible
dispositions:
disp 1
w01 w11 w21
w02
w12
w22
disp 2
α
w01 w11 w21
w02
w12
w22
disp 3
α
β
w11 w21
w02
w12
w22
w01
disp 4
w01 w11
w02
w12
w21
w22
disp 5
α1
α2
α3
w11 w21
w12
w02
w22
w01
In disposition 2 and 3 define α := cone(w02, w12)
◦ and β := cone(w01, w02)
◦.
In disposition 5 define α1 := cone(w02, w12)
◦, α2 := cone(w01, w12)
◦ and α3 :=
cone(w01, w11)
◦.
With Proposition 2.15 we obtain a list of possible exponent configurations:
A l0 = (1, 1);
B l2 = (1, 1);
C l01 = l11 = l21 = 1;
D l11 = l21 = 1;
E l02 = l12 = 1;
F l01 = l21 = 1.
Due to terminality, every disposition allows only a few of these configurations,
sometimes even just for restricted situations, depending on the position of the anti-
canonical class. The following table summarizes the totality of possible situations:
config A config B config C config D config E config F
disp 1 X X
disp 2 X X X Xα
disp 3 X X Xα,β Xα
disp 4 X X X
disp 5 X X Xα1,α2 Xα1
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The combinations of dispositions and configurations that need to be studied are
marked with the sign X. A subscript indicates that the anticanonical class −KX
has to lie in the given cone(s).
This case provides the first six varieties of the table of Theorem 1.2, namely No. 1
and 3 from situation 1A, No. 2 and 4 from 1C, No. 5 from 2A and No. 6 from 4B.
Disposition 1: since all weights are located on the two extremal rays, we can
assume Eff(X) = Q2≥0. For each wij , the two weights wkℓ such that k 6= i and ℓ 6= j
lie on the other extremal ray. The three together form a relevant face, to which
Remark 2.16 applies. Hence the degree matrix assumes the form
Q =
[
1 0 1 0 1 0
0 1 0 1 0 1
]
.
Situation 1A: admissible operations, together with equations from P · QT = 0,
yield
P =


−1 −1 1 1 0 0
−1 −1 0 0 1 1
0 1 0 d112 0 −d112 − 1
0 0 0 d212 0 −d212

 ,
where we can also assume 0 ≤ d112 < d212. Therefore we only need to bound d212.
For this, take a look at the lineality part AcX,0. Its vertices are
u1 =
1
2
(d112, d212), u2 = u1 +
(
1
2
, 0
)
,
u3 =
1
2
(−1, 0), u4 = u3 + (1, 0),
u5 =
1
2
(−d112 − 1,−d212), u6 = u5 +
(
1
2
, 0
)
.
The value d212 is odd, otherwise one between u1 and u2 would be a lattice point,
contradicting terminality. Since AcX,0 contains no integral point other than the
origin, there are only two possibilities for (d112, d212), namely (0, 1) and (1, 3). Both
define valid varieties, respectively No. 1 and No. 3.
Situation 1C: here the anticanonical class is −KX = (2, 3 − l02). Since X is a
Fano variety and Mov(X) = Q2≥0 holds, we have l02 < 3. From now on we assume
l02 = 2, because l02 = 1 has been already discussed in situation 1A. Admissible
operations and P ·QT = 0 yield
P =


−1 −2 1 2 0 0
−1 −2 0 0 1 2
0 1 0 d112 0 −d112 − 1
0 0 0 d212 0 −d212

 ,
with 0 ≤ d112 < d212. In order to bound d212, take a look at the lineality part A
c
X,0.
Its vertices are
u1 =
1
3
(d112, d212), u2 =
1
2
(d112 + 1, d212),
u3 =
(
−
1
2
, 0
)
, u4 =
(
1
3
, 0
)
u5 =
1
3
(−d112 − 1,−d212), u6 =
1
2
(−d112,−d212).
Consider C := conv(u3, u4, u5) ⊂ AcX,0. The point u5 lies under the bisection of
the third orthant and, because of the terminality of X , C does not contain integral
points. We conclude d212 < 20. Using the MDSpackage [9] we see that (d112, d212)
can assume the values (0, 1) and (1, 3). These data correspond to varieties No. 2
and 4 respectively.
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Disposition 2: we can apply Remark 2.16 to the relevant faces γ01,11,22, γ01,12,21
and γ01,12,22 and obtain
Q =
[
1 w102 w
1
11 0 w
1
21 0
0 w202 0 1 0 1
]
.
Situation 2A: homogeneity of the relation delivers 1 + w102 = l11w
1
11 = l21w
1
21
and w202 = l12 = l22. We show that the anticanonical class lies in cone(w11, w02)
◦.
If we suppose otherwise, then γ02,12,22 is a relevant face and in particular w
1
02 = 1.
This yields l11, l21 ∈ {1, 2}, but then the anticanonical class does not lie in the
prescribed cone. So −KX ∈ cone(w11, w02)◦ holds, the face γ02,11,21 is relevant and
we conclude l12 = 1. Without loss of generality assume l11 ≤ l21. The requirement
0 < det(−KX , w02) yields
w102
1 + w102
<
l11 + l21
2l11l21
.
Since the left side is at least 1/2, we get l11 = 1. Now Remark 2.16 with γ11,12,21,22
implies l21 = w
1
02+1. Substituting these equalities in the inequality above we arrive
at l21 < 3, therefore we have l21 = 2 (for l21 = 1 refer to situation 2C). Taking P
into account, we use admissible operations and equalities from P · QT = 0 and
achieve
P =


−1 −1 1 1 0 0
−1 −1 0 0 2 1
0 1 d111 0 −2d111 − 1 −1
0 0 d211 0 −2d211 0

 ,
where 0 ≤ d111 < d211 holds. In order to find an upper bound for d211 we turn to
the lineality part AcX,0 of the anticanonical complex. Its vertices are
u1 =
1
2
(d111 − 1, d211), u2 = u1 +
(
1
2
, 0
)
,
u3 =
1
2
(−1, 0), u4 = u3 +
(
5
6
, 0
)
,
u5 =
1
3
(−2d111 − 1,−2d211), u6 = u5 +
(
2
3
, 0
)
.
Consider C := conv(u2, u3, u4) ⊂ AcX,0. The point u3 lies over the bisection of the
first orthant and, because of the terminality ofX , C does not contain integral points.
We conclude d211 < 20. With the MDSpackage [9] we find out that (d111, d211)
assumes the value (0, 1) and delivers variety No. 5.
Situation 2B: homogeneity of the relation yields l02 = l12 = w
2
02 = 1 for the
second component and l01 + w
1
02 = l11w
1
11 = w
1
21 for the first component. With
Remark 2.16 applied to γ11,12,21,22 we conclude w
1
11 = 1, hence w
1
21 = l21 and
w102 = l11− l01. We can discharge the possibility that −KX ∈ cone(w02, w22)
◦ holds,
since in that case γ02,12,22 is a relevant face and w
1
02 = 1 follows, contradicting
the fact that the anticanonical class lies in that prescribed cone. Thus −KX ∈
cone(w01, w02)
◦ holds. In particular det(−KX , w02) > 0 holds, which implies l11 =
l01 + 1. We use admissible operations and P ·QT = 0 and reach
P =


−l01 −1 l01 + 1 1 0 0
−l01 −1 0 0 1 1
d101 0 −d101 −1 0 1
d201 0 −d201 0 0 0

 ,
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with 0 ≤ d101 < d201. We find bounds on d201 and l01 by considering the lineality
part AcX,0, whose vertices are
u1 =
1
l01 + 1
(d101 − l01, d201), u2 = u1 +
(
l01
l01 + 1
, 0
)
,
u3 =
1
2
(−1, 0), u4 =
1
2l01 + 1
(l201 + d101 + l01, d201)
u5 =
1
l01 + 2
(−d101,−d201), u6 = u5 +
(
l01 + 1
l01 + 2
, 0
)
.
In particular, consider the width lC of C := conv(0, u1, u2, u4) at the height h(u4)
of u4, i.e.
lC =
l01(l01 + 2)
2l01 + 1
.
Since l01 > 1 (otherwise we are in configuration A), the width lC is greater than
1 and as a consequence h(u4) < 1 holds by terminality. This gives d201 ≤ 2l01.
The length of the line segment AcX,0 ∩ {y = 0} increases when l01 increases. By
terminality, it cannot be greater than 2, hence we conclude l01 < 5. The MDSpack-
age [9] finds a lattice point in AcX for each variety defined by such data, hence this
situation does not provide terminal varieties.
Situations 2C and 2D: homogeneity delivers w111 = w
1
21 = l01 + l02w
1
02. Hence,
by Remark 2.16, the relevant face γ11,12,21,22 yields w
1
11 = 1. Since all terms on the
right side of the equation are greater or equal to one, we reach a contradiction.
Disposition 3: we start with the following degree matrix Q:
Q =
[
w101 w
1
02 w
1
11 0 w
1
21 0
w201 w
2
02 0 w
2
12 0 w
2
22
]
,
where we could assume Eff(X) = Q2≥0 thanks to Remark 2.16 applied to γ11,12,21,22.
We can assume that −KX ∈ cone(w01, w12)◦ holds, thus γ01,12,22 is a relevant
face and w101 = 1 follows. If −KX ∈ cone(w02, w12)
◦ holds, then γ02,11,21 is a
relevant face and w202 = 1 would hold, contradicting det(w01, w02) > 0. Hence
−KX ∈ cone(w01, w02)◦, γ02,12,22 is a relevant face and w102 = 1 holds.
Situation 3A: by homogeneity of the relation 2 = µ1 = l11w
1
11 = l21w
1
21 holds.
At least one of the exponents is equal to two, since γ11,12,21,22 is relevant and Re-
mark 2.16 can be applied to it. Let l11 = 2, so l21 ∈ {1, 2}. Using admissible
operations we can assume d101 = d201 = d202 = 0 and d102 = 1. Then Proposi-
tion 3.4 with {3, 5} and {4, 6}, together with equations coming from P · QT = 0,
delivers
d121 = −
1
2
l21(d111 + 1), d221 = −
l21d211
2
, d222 = −
l22d212
l12
.
The vertices of the lineality part AcX,0 ⊂ Q
2 are
u1 =
l21(2d112 − l12d111 − l12, 2d212 − l12d211)
2(l12 + l21)
, u2 = u1 +
(
l12l21
l12 + l21
, 0
)
,
u3 =
l21
l21 + 2
(−1, 0), u4 = u3 +
(
2l21
l21 + 2
, 0
)
,
u5 =
(l12(2d122 + l22d111), l22(l12d211 − 2d212))
l12(l22 + 2)
, u6 = u5 +
(
2l22
l22 + 2
, 0
)
.
We go through both cases l21 = 1, 2.
First assume that l21 = 1 holds. Then we achieve d121 = d221 = 0 by admissible
operations, and P ·QT = 0 also yields d111 = −1. In order for u3 and u4 to be both
vertices, l12 = 1 must hold. For l22 > 1, the intersection of conv(0, u5, u6) with
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the line {y = −1} has length one, thus contains an integral point and contradicts
terminality, whereas l22 = 1 will be handled in situation 3B.
Now assume that l21 = 2 holds. By admissible operations we achieve 0 ≤
d111, d211 < 2. Since v11 and v21 are primitive, we arrive at d111 = 0 and d211 = 1.
In order for u3 and u4 to be both vertices, at least one between l12 and l22 is equal
to one. Since Remark 2.16 applies to γ11,12,21,22, they cannot be both equal to one.
Without loss of generality say l12 = 1 and l22 ≥ 2. Therefore AcX,0 ∩ {y = 0} has
length one and the length of the edge u5u6 is at least one. This means |u25| < 1, i.e.
d212 = 0, 1. Using homogeneity in the second component and once again P ·QT = 0
we arrive at
Q =
[
1 1 1 0 1 0
l22 + d122 −d122 0 l22 0 1
]
.
In particular the anticanonical class is −KX = (2, l22+1). The inequalities coming
from det(w02,−KX) > 0 and det(w01, w02) > 0 are incompatible with d122 being
an integer:
−
1
2
l22 −
1
2
< d122 < −
1
2
l22.
Therefore we reach a contradiction.
Situation 3B: homogeneity delivers l01 + l02 = l11w
1
11 = w
1
21 and l12w
2
12 = w
2
22.
With γ11,12,21,22 relevant face we conclude w
1
11 = 1 = w
2
12. Therefore the anticanoni-
cal class is −KX = (3, w101+w
1
02+1). Now det(w01, w02) > 0 and det(w02,−KX) > 0
yield w202 < 1, a contradiction to the disposition.
Situations 3C and 3D: the same argument as situations 2C and 2D above works
here too.
Disposition 4: without loss of generality we assume that −KX ∈ cone(w01, w21)◦
holds. In particular γ01,11,21 and γ01,11,22 are relevant faces, to which Remark 2.16
applies; we arrive at
Q =
[
w101 0 w
1
11 0 w
1
21 w
1
21
0 w202 0 w
2
12 1 1
]
.
Situation 4A: we use homogeneity of the relation and Remark 2.16 together with
relevant faces γ01,02,11,12 and γ01,02,12,21,22 in the usual ways and achieve
Q =
[
l11 0 1 0 1 1
0 l11 0 1 1 1
]
.
Moreover we use admissible operations on P to achieve d101 = d201 = d202 = 0 and
d201 = 1. The equations of P ·QT = 0 allow us to write
v12 = (l12, 0, d112, d212),
v11 = v12 + (0, 0, l21 + l22, 0).
This means that there are integral points on the segment between v11 and v12,
contradicting terminality.
Situation 4B: we have l02w
2
02 = l12w
2
12 = 2. We may assume that one of those
exponents is greater than one, otherwise see situation 4E. Without loss of generality
let l12 = 2 and w
2
12 = 1. Using all the equations coming from P · Q
T = 0 we can
write
P =


−l01 −l02 l11 2 0 0
−l01 −l02 0 0 1 1
− l01d111l11 −
1
2 l01 −
1
2 l02(d112 + 1) d111 d112 0 1
− l01d211l11 −
1
2 l02d212 d211 d212 0 0

 ,
Q =
[ 2
l01
w121 0
2
l11
w121 0 w
1
21 w
1
21
0 2l02 0 1 1 1
]
.
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In particular we see that l02 = 1, 2 holds.
First we rule out the case l02 = 1; if it holds, we can reach d112 = 1 and d212 = 0
by means of admissible operations. The vertices of AcX,0 are
u1 =
1
l11 + 1
(d111 − l11, d211), u2 = u1 +
(
l11
l11 + 1
, 0
)
,
u3 =
1
3
(−1, 0), u4 = u3 +
(
2
3
, 0
)
,
u5 =
2l01
(l01 + 2)l11
(−d111,−d211), u6 = u5 +
(
2l01
l01 + 2
, 0
)
.
The only way to ensure that u3 and u4 are vertices is to set l11 = 1. Hence the
weights relative to the relevant face γ02,11,21 are (2, 0), (0, 2) and (1, 1). These
points do not generate Z2 as a lattice. Therefore the stratum X(γ02,11,21) consists
of singular points, contradicting terminality by Remark 2.16.
Now assume l02 = 2. Again, we look at the vertices of A
c
X,0 and have to set
l11 = 1, after which we achieve d111 = d211 = 0 by admissible operations. Moreover,
since v01 is primitive, l01 = 2 holds. We have
P =


−2 −2 1 2 0 0
−2 −2 0 0 1 1
−1 −1− d112 0 d112 0 1
0 −d212 0 d212 0 0


and the vertices of the lineality part are
u1 =
1
2
(d112 − 1, d212), u2 = u1 + (1, 0) ,
u3 =
1
2
(−1, 0), u4 = u3 + (1, 0) ,
u5 =
1
3
(−d112 − 1,−d212), u6 = u5 +
(
2
3
, 0
)
.
Since conv(u1, u2, u3, u4) does not contain integral points other than the origin, we
conclude d212 = 1 and, with an admissible operation, d112 = 0. These data define
a valid variety, namely No. 6.
Situation 4E: homogeneity implies µ2 = w202 = w
2
12 = l21 + l22. Moreover,
Remark 2.16 applied on γ01,02,11,12 prescribes w
2
02 = 1. This means l21 + l22 = 1, a
contradiction.
Disposition 5: applying Remark 2.16 to γ02,11,21 and γ02,11,22 we obtain the
degree matrix
Q =
[
w101 0 1 w
1
12 w
1
21 0
w201 1 0 w
2
12 0 w
2
22
]
.
Situation 5A: we divide this situation into three subcases. They differ from one
another by the Mori chamber αi ⊂ Eff(X) in which the anticanonical class −KX
lies. In all three cases we use admissible operations and bring the defining matrix
P into the following shape:
P =


−1 −1 l11 l12 0 0
−1 −1 0 0 l21 l22
0 1 d111 d112 d121 d122
0 0 d211 d212 d221 d222

 .
ON TERMINAL FANO 3-FOLDS WITH A 2-TORUS ACTION, PART II 21
Situation 5A with −KX ∈ α1: here γ02,12,22 is a relevant face, hence Remark 2.16
yields w112 = 1. Homogeneity of the relation implies
w101 = l11 + l12, w
1
21 =
l11 + l12
l21
,
w212 =
w201 + 1
l12
, w222 =
w201 + 1
l22
.
Note that γ01,02,21,22 is also a relevant face. Hence w
1
21 = 1 holds, i.e. l21 = l11+ l12.
Since the anticanonical class lies in α1, we have det(w12,−KX) > 0. This implies
l12 > 2l22, in particular l12 ≥ 3. Through equations from P ·QT = 0 we have
d111 = −d112 − d121, d211 = −d212 − d221, d212 = −
l12d222
l22
.
Consider the vertices u1 and u2 of the lineality part A
c
X,0, defined by the elementary
big cones cone(v01, v1j , v21), for j = 1, 2 respectively. The segment line u1u2 inter-
sects the x-axis in the point (0, 0, (l11 + l12)/3, 0). Since l12 ≥ 3 holds, the lattice
point (0, 0, 1, 0) lies in conv(0, u1, u2) ⊂ AcX,0, a contradiction to terminality.
Situation 5A with −KX ∈ α2: we use homogeneity of the relation and Re-
mark 2.16 on the relevant face γ01,02,21,22 to arrive at
Q =
[
l21 0 1 (l21 − l11)/l12 1 0
w201 1 0 (w
2
01 + 1)/l12 0 (w
2
01 + 1)/l22
]
.
In particular l21 ≥ l11 + l12 holds. The matrix Q allows us to compute the anti-
canonical class −KX according to Remark 2.4. Since −KX ∈ α2 holds, we have
det(−KX , w12) > 0. Writing down this condition explicitly we obtain l21 < l11+2l22.
Now we turn to the matrix P . Using equations from P ·QT = 0 we determine
d111 = −
d112(l21 − l11)
l12
− d121,
d211 = −
d222(l21 − l11)
l22
− d221,
d212 = −
l12d222
l22
.
Now consider the vertices u1 and u2 of the lineality part A
c
X,0, defined by the
elementary big cones cone(v02, v1j , v21), for j = 1, 2 respectively. The segment line
u1u2 intersects the x-axis in the point(
0, 0,
l12l21
2l12 + l21 − l11
, 0
)
.
By terminality the lattice point (0, 0, 1, 0) does not lie conv(0, u1, u2) ⊂ AcX,0. This
implies l11 = l12 = 1. In this special situation, we achieve
P =


−1 −1 1 1 0 0
−1 −1 0 0 l21 l22
0 1 0 d112 −d112(l21 − 1) −l22d112 − 1
0 0 0 d212 −d212(l21 − 1) −l22d212

 ,
Q =
[
l21 0 1 l21 − 1 1 0
l22 − 1 1 0 l22 0 1
]
,
where we can assume 0 ≤ d112 < d212 and l21, l22 ≥ 2. Consider the leaf A
c
X ∩ λ2
of the anticanonical complex, embedded in Q3 by removing the first coordinate
(which always equals zero) from its points. Define B ⊂ Q3 as the convex hull of the
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following points
b1 := (l21, d121, d221), b2 := (l22, d122, d222),
a1 := (−1, 0, 0), a2 := (−1, 1, 0),
a3 := (−1, d112, d212), a4 := (−1, d112 + 1, d212).
Then the leaf AcX∩λ2 corresponds to the intersection B∩{(x, y, z) ∈ Q
3;x ≥ 0}. By
terminality, the only integral points of the leaf are b1, b2 and the origin. Hence B is
a lattice polytope containing the origin as only interior point and, by citeKa:2010,
vol(B) is bounded by 12. This gives the condition
d212(l21 + l22 + 2) < 36.
Therefore all entries of P are bounded. We use the MDSpackage [9] to check all
possibilities. It turns out that none of the matrices defines a terminal variety.
Situation 5A with −KX ∈ α3: here γ01,11,21 is a relevant face, so Remark 2.16
yields w201 = 1. Using homogeneity of the relation and γ01,02,21,22 relevant face we
arrive at
Q =
[
l21 0 1 (l21 − l11)/l12 1 0
1 1 0 2/l12 0 2/l22
]
.
Since the anticanonical class lies in α3, we have det(−KX , w01) > 0. This condition
is equivalent to the inequality
l11l22 + 2l12l21 − 2l12l22 + l21l22 < 0.
By looking at the matrix Q we see that l12, l22 ∈ {1, 2} holds. None of the possible
combinations satisfies the condition above, hence we reach a contradiction.
Situation 5B: homogeneity implies w121 = l01w
1
01 and w
2
22 = l12w
2
12. Using Re-
mark 2.16, respectively with γ01,02,21,22 and γ11,12,21,22, we obtain w
1
01 = 1 and
w212 = 1. Since w
2
01, w
1
12 > 0 holds, we arrive at a contradiction with the disposition
of the weights, because det(w01, w12) > 0 holds.
Situations 5C and 5F: homogeneity yields w101 = w
1
21 = l11 + l12w
1
12. By Re-
mark 2.16 with γ01,02,21,22 ∈ rlv(X), we have w101 = 1 but then l11 + l12w
1
12 = 1
holds. This is a contradiction, since all values appearing on the left side are at least
one.
Proof of Theorem 1.2. Lemma 4.5 lists all possible constellations for the defining
matrix P . The results of the cases treated in this Section 5, combined with the
remaining cases which are treated in [20, Chapter 3], deliver the list from the asser-
tion. Furthermore, by comparing the data, one directly sees that any two varieties
from the list are non-isomorphic. 
Remark 5.1. Appendix A of [20] contains detailed information about the Q-
factorial varieties of Theorem 1.2, including possible defining matrices P .
Remark 5.2. For K = C, any Fano variety X with at most log terminal singu-
larities, has finitely generated divisor class group Cl(X); see [15, Sec. 2.1]. If X
comes in addition with a torus action of complexity one, then X is rational and its
Cox ring is finitely generated; see [2, Remark 4.4.1.5]. Therefore the assumption of
rationality can be omitted in Theorem 1.2 for K = C. Alternatively, rationality can
be replaced by the property “Cl(X) is finitely generated”.
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6. Growing the anticanonical complex
This last Section outlines the future road towards a complete classification of
terminal Fano threefolds of complexity one.
Let X be a normal projective variety of complexity one. The Cox ring R(X) is
R := R(X) = K[T1, . . . , Tr, Tr+1]/〈g1, . . . , gs〉
with grading given by K := Cl(X) and degrees wi := deg(Ti) ∈ K. Recall that the
weight wi is exceptional, if wi /∈ cone(wj ; j 6= i) holds.
Remark 6.1. Paraphrasing Remarks 2.4 and 2.10 we say that the moving cone
and the anticanonical class of R are respectively
Mov(R) :=
r+1⋂
i=0
cone(wj ; j 6= i) ⊂ KQ,
κ(R) :=
r+1∑
i=1
wi −
s∑
j=1
deg(gj) ∈ K.
We say that R is Fano if κ(R) ∈ Mov(R)◦ holds. The last definition is justified by
the fact that κ(R) ∈ Mov(R)◦ characterizes a ring R that can be realized as Cox
ring of a normal Fano variety, which we then call XF (R).
Definition 6.2. Let R be Fano as in Remark 6.1. We say that R is terminal
(resp. canonical, log-terminal, Q-factorial, etc...) if the Fano variety XF (R) has
that property.
Construction 6.3. Let R and K be as above. Assume that wr+1 is exceptional.
Define polynomials g′j := gj |Tr+1=1 and the ring R
′ := K[T1, . . . , Tr]/〈g′1, . . . , g
′
s〉. Its
grading is given by K ′ := K/〈wr+1〉 via the canonical projection map π := K → K ′
and the degrees deg(Ti) := w
′
i := π(wi). Then R
′ is again the Cox ring of a normal
projective variety of complexity one.
Remark 6.4. We have the commutative diagram with exact rows
0
KQ
K ′Q
Qr+1
Qr
Qn 0pi
Q
Q′
pir
P∗
P ′∗
hence in particular π ◦ Q = Q′ ◦ πr and (P ′)∗ = πr ◦ P ∗. Therefore considering
the presentation R = R(A,P ), the ring R′ is given as R′ = R(A,P ′), where P ′ is
obtained from P by deleting the column corresponding to the exceptional weight.
Proposition 6.5. Let R and R′ be as in Construction 6.3. If R is (terminal) Fano,
then so is R′.
Proof. To prove that the Fano property is preserved by Construction 6.3, one only
need to see that
κ(R′) = π(κ(R)) ∈ π(Mov(R))◦ ⊆ Mov(R′)◦.
In order to study terminality, define X and X ′ as the Fano varieties corresponding
to R and R′ respectively. The goal is to show that AcX′ ⊆ A
c
X holds, because
then the assertion holds by Theorem 2.7. This can be done by considering the
commutative diagram of Remark 6.4 and proving that BX′ ⊇ BX holds. For this
one uses κ(R′) = π(κ(R)) and πr(B(gj)) = B(g
′
j). 
Remark 6.6. Note that Proposition 6.5 does not hold for Q-factoriality. There are
examples where X(A,P ) is Q-factorial but X(A,P ′) is not, and vice versa.
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Corollary 6.7. Let X = X(A,P ) be a terminal Fano threefold of complexity one.
If X is not combinatorially minimal, then there is an equivariant small quasimodi-
fication X 99K X ′ onto a combinatorially terminal Fano threefold X ′ of complexity
one (which could be toric).
Remark 6.8. Much like in the case of toric Fano varieties with the growing Fano
polytopes (see [16]), Proposition 6.5 ensures that we can approach the classification
of terminal Fano varieties of complexity one with purely combinatorial methods, by
taking the anticanonical complex of a combinatorially minimal variety and succes-
sively adding new integral vertices, each time checking if all required properties still
hold.
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